Interaction of shock waves with turbulent boundary-layers can enhance the surface heat flux dramatically. Reynolds-averaged Navier-Stokes simulations based on constant turbulent Prandtl number often give grossly erroneous heat transfer predictions in SBLI flows. This is due to the fact that the underlying Morkovin's hypothesis breaks down in the presence of shock waves; thus, the turbulent Prandtl number can not be assumed to be a constant. In our recent work (Roy, Pathak and Sinha,AIAA 2017), we developed a new variable turbulent Prandtl number model based on linearized Rankine-Hugoniot conditions applied to shock-turbulence interaction. The turbulent Prandtl number is a function of the shock strength and we proposed a shock function to identify the location and strength of shock waves. The shock function also simulates the post-shock ralaxation of the turbulent heat flux, akin to that observed in canonical shock-turbulence interaction. In this work, we extend the variable turbulent Prandtl number model for hypersonic flows by considering the influence of upstream total temperature fluctuation on turbulent heat flux. The model is combined with the well-validated shock-unsteadiness k-ω model and is used to study eight test cases involving shock/boundary-layer interactions at Mach numbers ranging from 5 to 11. Comparison with experimental data shows significant improvement in the surface heat transfer rate in the interaction region. The shock function is also used to propose a robust form of the existing shock-unsteadiness k-ω model that simplifies the numerical implementation enormously. 
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I. Introduction
Shock/boundary-layer interactions (SBLIs) are commonly observed in high-speed flows and they are characterized by a rise in surface pressure and high localized heat transfer. Accurate prediction of surface properties becomes important for high-value aerospace applications. A considerable number of studies have investigated SBLIs occurring in varying conditions and configurations.
1 CFD simulations through Reynoldsaveraged Navier-Stokes (RANS) based turbulence models are popular in the aerospace industry. Current turbulence models, however, over-predict the peak heat flux values by considerable margins, 2, 3 and in this work we systematically study and tackle this problem for hypersonic flows.
Transport of heat in standard turbulence models is modeled through temperature gradient approximation, with thermal conductivity having molecular and turbulent components. The turbulent part of thermal conductivity is usually written in terms of the turbulent Prandtl number (P r T ), which is calculated based on Morkovin's hypothesis. 4 A direct mathematical implication of Morkovin's hypothesis is the Strong Reynolds Analogy. It states that the value of velocity-temperature correlation coefficient is −1, which leads to a theoretical value of P r T = 1. A value of 0.89 produces results that are in good agreement with the experimental data for turbulent boundary layers. This is not the case for SBLI flows, where the ability of the constant P r T approach has been called into question by several authors in the past.
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A natural progression in the modeling of turbulent heat flux is therefore to vary the P r T . Variable P r T models have shown improvement in the heat flux predictions in SBLI flows. 6, 7 Most of the variable P r T models solve two additional transport equations for temperature variance and its dissipation rate. The turbulent Prandtl number is then calculated using the time scale of the temperature variance. The additional partial differential equations have a form similar to the k-or k-ω equations, and have a large number of source terms. The solution of extra equations thus requires more computational power and invariably increases the cost of computation. Algebraic P r T models have been devised to account the P r T variation in boundary layers, but they do not consider the effect of shocks. 8 In fact, recent studies of shock-turbulence interaction 9, 10 have revealed interesting and non-intuitive variation of the turbulent heat flux across shock waves. The underlying physical mechanisms should, therefore, be considered for computing the turbulent Prandtl number in SBLI flows.
In a recent work Roy, Pathak and Sinha 11 proposed a new method to vary P r T based on the physics of shock-turbulence interaction and subsequently extended the model to SBLI flows. They derived a relationship between the fluctuating velocity and temperature behind a shock, which is used to develop an expression for P r T as a function of shock strength. A novel approach is presented to identify the location and strength of shock waves at every grid point in term of a shock function. The shock function is computed by solving a differential equation. The transport equation of shock function also incorporates an exponential relaxation of the turbulent Prandtl number from its shock value to the conventional value of 0.89 away from the shock wave. The variable turbulent Prandtl number model of Roy, Pathak and Sinha 11 is built upon the previously developed shock-unsteadiness (SU) turbulence model. 12 Compared to conventional models, the shock-unsteadiness correction eliminates the over-amplification of turbulent kinetic energy (TKE) at shock waves. It gives significant improvement in predicting the separation bubble size and the surface pressure distribution in SBLI flows. 13 The computed shock/expansion wave patterns and shock-shock interaction match experimental data closely.
14, 15 Due to its potential, the shock-unsteadiness model has been used widely 16, 17 and is being developed further in recent works. 11, 18, 19 The variable P r T model, in conjunction with the shock-unsteadiness k-ω model, is found to reproduce the experimental data of Schulein 20 well for Mach 5 oblique shock impinging cases.
The variable turbulent Prandtl number model of Roy, Pathak and Sinha 11 is build upon the assumption that Morkovin's 4 hypothesis is valid upstream of the shock wave and they have neglected the upstream fluctuations of total temperature. This is a fair assumption upto a moderate Mach number of 5, i.e. for a supersonic turbulent boundary layer, but beyond this Mach number the assumption is not fully valid. There has been a lot of experimental and numerical data available in the literature 21, 22 to support the breakdown of this assumption. In this work, we extend the variable P r T model of Roy, Pathak and Sinha 11 for hypersonic flows and considered the effect of upstream total temperature fluctuations also. We followed the same procedure and study the fundamental interaction of homogeneous isotropic turbulence with a shock wave first, commonly known as shock-turbulence interaction (STI). The theoretical tool called linear interaction analysis (LIA) is used to investigate the STI problem. We develop a more general formulation of P r T based on this theoretical analysis which is applicable for any Mach number. Similar to our previous work, 11 the local SU k-ω model has been used as a baseline model for this work.
This article is organised as follows. The next section describes the experimental SBLI configurations and test conditions of Holden et al., 23, 24 which are used to validate the proposed model. A brief review of the governing equations are presented in following section along with the numerical method and boundary conditions used in the simulations. Next, we extend the variable turbulent Prandtl number model (Roy, Pathak and Sinha, AIAA 2017) for hypersonic flows based on the shock turbulence interaction physics. We also present the shock -unsteadiness modified k-ω model in this section. The local form of the shockunsteadiness modification (Roy, Pathak and Sinha, AIAA 2017) is used for all the simulations. This local form reduces the total computation time and susceptibility to human error significantly. The last section presents computed results and these are compared with the experimental data to bring out the differences between the predictions of standard k-ω, shock-unsteadiness k-ω and variable turbulent Prandtl number models.
II. Test Cases
The test cases presented here are all two-dimensional or axisymmetric. Three different geometric configurations, compression ramp, Oblique shock impinging on a flat plate and axisymmetric cone-flare, are considered to evaluate the variable P r T model at hypersonic Mach numbers. All the experiments were performed by Holden et al. [23] [24] [25] in the CUBRC. For all the experiments the surface temperature is maintained under isothermal condition. The schematic of the experimental configurations for different geometries can be seen in Fig 1 . The test conditions for different configurations are tabulated in table 1. For the compression corner test cases, the length of flat plate is almost 1m before the corner, followed by a 0.3m wedge. The length of the flat plate is long enough to get a fully developed turbulent boundary-layer ahead of the interaction region. The experimental configuration of oblique shock impingement consists of a flate (1.27m long) and a shock generator with a deflection angle β=20 degree. The flat plate was kept in the center of test section, whereas the shock generator was placed axially above the plate such that the inviscid shock impinged at a location of 0.98m from the plate leading edge. The length of cone and flare along center line axis from the cone tip are measured as 2.35 m and 0.15 m respectively. Surface properties like pressure and heat flux were measured in the interaction region. For all the experiments dry air is taken as the working fluid with perfect gas assumption. 
III. Simulation methodology
We solve the two-dimensional or axisymmetric Reynolds-averaged Navier-Stokes equations presented by Wilcox 5 for the mean flow. The two-equation k-ω model of Wilcox 5 and the recent shock-unsteadiness corrected k-ω model of Sinha et al. 13 are used in the simulations. Both the standard and shock-unsteadiness corrected k-ω models do not include any compressibility corrections,, as they are found to deteriorate model predictions in the undisturbed boundary layer upstream of the interaction. 26, 27 Compressibility corrections of the form of dilatational dissipation reduce the turbulent kinetic energy in the boundary layer, and thus decrease the skin friction coefficient compared to well-established correlations for zero pressure-gradient turbulent boundary layers.
The governing equations are discretised in a finite volume formulation where the inviscid fluxes are computed using a modified, low-dissipation form of the Steger-Warming flux splitting approach. 28 This method reduces the numerical dissipation, and is found to be useful for high-speed flows with strong shock waves and viscous-inviscid interactions with boundary layers. As a result, very thin and well-defined shock waves are captured over a few grid cells. The turbulence model equations are fully coupled to the mean flow equations. The details of the formulation are given by Sinha and Candler. 29 The method is secondorder accurate in space. The viscous fluxes and the turbulent source terms are evaluated using second-order accurate central difference method. The implicit Data Parallel Line Relaxation method of Wright et al.
30 is used to integrate in time and reach steady-state solution.
At the wall, isothermal temperature and no-slip boundary conditions are applied, and extrapolation condition is used at the exit boundary of the domain for all the simulations. A supersonic boundary condition is imposed at the top boundary of the domain. For the turbulence quantities, the boundary conditions at the wall (Menter 1994) 31 are taken as k = 0 and ω = 60ν w /β 1 ∆y 2 1 , where ν w is kinematic viscosity at the wall, β 1 = 3/40 and ∆y 1 is the normal distance to the grid point nearest to the wall. Following Menter, 
IV. Variable Turbulent Prandtl Number Model
Generally, the turbulent heat flux vector q T,j is modeled using the gradient diffusion hypothesis
where κ T is the turbulent conductivity of heat. It is related to eddy viscosity via the turbulent Prandtl number P r T and the specific heat of the gas at constant pressure c p .
Morkovin hypothesis 4 relates the turbulent heat flux to the Reynolds stress in a compressible turbulent boundary layer and thus prescribes a constant value of the turbulent Prandtl number. However, the assumption of zero total temperature fluctuation in Morkovin hypothesis 4 is not valid across a shock wave where a constant value of turbulent Prandtl number is not desirable.
Variation of turbulent Prandtl number improves the heat flux prediction capabilities of standard turbulence models significantly. In a recent work, Roy, Pathak and Sinha 11 developed an algebraic variable P r T model based on the shock-turbulence interaction physics. The shock-normal Reynolds stress is modeled in terms of the Boussinesq approximation whereas the conservation of total enthalpy is used to model the shock-normal turbulent heat flux behind the shock wave. The shock wave undergoes unsteady motion in response to the fluctuations in a turbulent flow. The deviation of the shock from its mean position is taken as ξ(y, z, t), such that the temporal derivative ξ t represents the instantaneous shock speed in the streamwise direction. 32 The total temperature in the shock reference frame is written as
Here, u,v,w are the velocity components, overbar represents mean flow quantity and primes denote turbulent fluctuations. Assuming the shock speed and fluctuations to be small as compared to the jumps in the mean flow quantities across the shock, the linearized total temperature consevation across the shock is given as:
where 1 and 2 denote the shock upstream and downstream location respectively. The left-hand side of the above equation represents the linearized form of the total temperature fluctuations upstream of the shock wave. Roy, Pathak and Sinha 11 assumed the total temperature fluctions to be negilible in the upstream flow. This is a fair assumption for a supersonic undisturbed turbulent boundary-layer. Hence the turbulent heat flux behind the shock wave is given as
where r is the mean density ratio across the shock wave. The unclosed correlation u ξ t is modeled as per the shock-unsteadiness model of Sinha et al. 
The above equation is based on the assumption that the unsteady shock motion is caused by the incoming turbulent velocity fluctuations, and the closure coefficient b 1 is obtained from linear interaction analysis. The aforementioned model accounts only the shock motion at frequencies comparable to that of the incoming turbulence. Additional low-frequency shock oscillations, observed in the SBLI, have a negligible correlation with the turbulent velocity fluctuations in the boundary layer. Such low frequency shock motion do not contribute to the u ξ t correlation. We thus get
and the turbulent Prandtl number is given as
The above formulation of turbulent Prandtl number is applicable for supersonic flows where the total temperature fluctuation is negligible in the undisturbed turbulent boundary layers, as per Morkovin hypothesis.
A. Extension to hypersonic flows
The applicability of Morkovin's hypothesis 4 has been called into question by several researcher in last decade. Leschziner 21 and Duan 22 suggest that the amount of total temperature fluctuations T t can be neglected up to a moderate Mach number 5, but T t is comparable to static temperature fluctuations T and it can not be neglected in hypersonic flows. In the current work, we consider the effect of upstream total temperature fluctuations, given by
and exend the variable P r T model for hypersonic flows. The modification is done in two steps. First we consider the effect of upstream velocity fluctuations and model the effect in the vicinity of shock wave. Next we consider the effect of both velocity and temperature fluctuations upstream of the shock wave to model the turbulent Prandtl number across shock waves.
Effect of upstream velocity fluctuation:
For purely vortical turbulence upstream of the shock wave, we have all the thermodynamic fluctuations are negligible before the shock, i.e. T 1 → 0, which leads to (see Eq. 4)
On taking a moment with u 2 , we get
Compared to earlier model, the right-hand side has the additional contribution from the upstream velocity fluctuation u 1 . The unclosed correlation between the upstream and downstream velocity fluctuations is modeled in terms of the parameter α; see Ref.
and unsteady shock speed is modeled as per Eq. (6) to get
where the subscript 2 is dropped for convenience. The above form is identical to Eq. (7) except for the α-term. Hence the turbulent Prandtl number is given as
A value of α = 0.6 matches the DNS data of Larson et al. 33 fairly well over the entire range of Mach numbers. 
Effect of upstream total temperature fluctuation:
We next include the effect of both temperature and velocity fluctuations that contribute to the total temperature fluctuations in the upstream boundary layer. We follow the work of Sinha 32 where a correlation function A uT is defined to relate the velocity and temperature fluctuations in the flow.
A uT can be interpreted as the ratio of normalized temperature and velocity fluctuations. A general expression for A uT in a turbulent boundary layer is given as; see Appendix A for details:
where M is the local Mach number, T t and T are mean total and static temperature respectively. R uT = u T /( u 2 T 2 ) is the correlation coefficient between streamwise velocity and temperature fluctuations. The boundary layer data presented by Guarini 34 show that the value of R uT −0.6 for 0.2< y/δ <0.8 and it attains higher magnitude of -0.8 in the near wall region. The value of R uT falls off to negligible values at the boundary-layer edge. A similar trend is reported by Pirozzoli et al. 35 for a turbulent boundary-layer at Mach 2.25 and Gaviglio 36 for a turbulent boundary-layer at Mach 9.4. Based on our previous work 37 we highlighted that the log-region (0.05< y/δ <0.25) of boundary-layer is most important to model wall heat flux and we take an average value of R uT = −0.7 in our current simulations.
We follow the procedure laid out earlier and start with Eq. (4). We substitute Eq. (15) to get
Compared to earlier model formulation, the right-hand side has the additional contribution from the upstream the upstream velocity fluctuation u 1 and upstream temperature fluctuations (the A uT term). Here T r = T 2 /T 1 is the mean temperature ratio across shock wave. Using Eqs. (6) and (12) we get
where the subscript 2 is dropped once again for convenience. The above form is identical to Eq. (7) except two additional terms in the right hand side which bring the effect of upstream total temperature fluctuations in the model. Substitution into Eq. (8) leads to,
The additional two terms in the above equation almost cancel each other in supersonic flow, which is consistent with negligible total temperature fluctuations in such flows.
B. Shock function formulation
Roy, Pathak and Sinha 11 composed a transport equation for a scalar shock function ψ to evaluate the mean density ratio at the shock region. The turbulent Prandtl number is then modeled in terms of ψ. The transport equation for ψ is such that ψ deviates from its undisturbed value ψ 0 only in the regions of strong compression and gradually relaxes back from the shock value to the reference value.
where
∂xi is the mean dilatation, √ u i u i is the velocity magnitude and L = √ k/ω is the dissipation length scale in the k-ω framework. Integrating the differential equation across a shock gives the shock value ψ s as
Thus, ψ s is an indicator of the shock strength and an upstream undisturbed value of ψ 0 = 1 ensures that we get ψ s = 1/r at the shock location. Substitution of r = 1/ψ in Eq. (8) gives an expression for turbulent Prandtl number as
where an additional factor ζ is introduced to make the formulation consistent with the conventionally accepted P r T value of 0.89 in boundary layers without shock waves. For vanishing shock strength in the limit M 1 → 1, r → 1 and ψ → 1 , P r T should take a value of 0.89. Thus, ζ is defined as
such that it approaches 1 in the presence of shock waves. Here χ is model parameter and its value is equal to 1000; see Roy, Pathak and Sinha 11 for more details.
C. Shock-unsteadiness modified k-ω model
The variable P r T model presented above is implemented in the shock-unsteadiness (SU) modified k-ω model. The shock unsteadiness model was first proposed by Sinha et al. 12 and was subsequently incorporated in one-and two-equation turbulence models. 13 The original shock-unsteadiness model 12 considered only the influence of upstream velocity fluctuation on shock wave. Later, Veera and Sinha 38 incorporated the effect of upstream temperature fluctuation on shock-unsteadiness model. For easy reference, the highlights of the model and its implementation in the k-ω framework are presented here.
In the k-ω model, the production of turbulent kinetic energy is given by:
is the mean strain rate tensor and u i is the component of the Favreaveraged velocity in the x i direction. The eddy viscosity is given by µ T = ρk/ω. Sinha et al. 12 argue that the eddy viscosity assumption breaks down in the highly non-equilibrium flow through a shock and a more accurate amplification of k is obtained by setting µ T = 0 in the production of turbulent kinetic energy. Based on linear analysis results, they propose the following modification to the production term in a shock wave,
The shock-unsteadiness correction is applied in the k-ω framework by multiplying the eddy viscosity of the standard model by the factor,
1/2 and f s is an empirical function of the non-dimensional mean dilatation
It takes a value of one in shock and high compression regions, such that
otherwise it is zero and the standard form of k-ω model is recovered. The shock function is used to implement the shock-unsteadiness model locally in a numerical code. The upstream shock-normal Mach number dependence of the model parameters (see Sinha et al. 12 for more details) b 1 and b 1 are replaced by the local density ratio. The local density ratio r represents the shock strength and thus the flow-physics captured by the original shock-unsteadiness model remain unchanged. the shock-unsteadiness parameters are recast as 
The exponents in Eqs. (28) and ) (29) are obtained by curve fitting to the original model coefficients b 1 and b 1 from. 12, 38 The shock function is also used to compute the mean temperature ratio T r across shock waves.
V. Results
The new variable P r T model is applied to three different geometries with SBLI. Eight test cases with Mach number ranging from 5 to 11 are presented in this section. The effect of the variable P r T model on the surface properties are compared with existing turbulence models. The detail of the grid refinement is not presented here as the procedure is similar to those presented in Roy, Pathak and Sinha. The new variable P r T model is used to study the grid convergence for the current test cases and based on that 340×250, 500×350 and 700×350 grid points are used for compression corner, oblique shock impinging on a flat plate and cone-flare geometries respectively. For all the simulations a wall-normal spacing of 1×10 −6 m are used for the first cell center in the interaction region. This corresponds to a y + 2 value of 0.4 or lower in the interaction region.
A. Compression corner
To save the computation time the flat plate length before the corner is reduced to 0.2m compared to 1m length in the experiment (see Fig. 1 ). The domain consists of a 0.2m long flat plate followed by a 0.3m ramp and it extends to 0.06m above the plate where an inlet profile is specified at the starting of the domain. Inlet profiles for the compression ramp computations are obtained from separate flat plate simulation with same free stream and wall boundary conditions as mentioned in table 1. Figure 2 shows the flow field solution computed for an SBLI generated by the 33 degree compression corner at Mach 8.1. The shock topology is presented in terms of the mean density contours. The solution corresponds to the SU k-ω turbulence model with the variable P r T formulation. The key features of the interaction region are identified in terms of the separation shock, reattachment shock and the ramp-induced shock. The SU k-ω model also captured the free shear-layer at the shock-shock interaction point around x = 0.03m. The computed shock structure is compared with the experimental schlieren image; 23 see Fig. 2(b) . The computed shock structure is found to match the experimental image qualitatively. Figure 3 compares the computed surface properties with the experimental data reported by Holden.
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Three turbulence models are used in the simulations, namely, the standard k-ω model, the shock-unsteadiness k-ω and the variable P r T formulation added to the shock-unsteadiness k-ω model. Surface pressure shows a jump at the separation point (at x = −0.019m), followed by a small pressure plateau and a subsequent increase at the reattachment point. The computed results match the experimental measurements, except for the pressure far away from the compression corner. All the three turbulence models have almost identical results, with a small deviation in the vicinity of the separation point. The variable P r T form of the SU k-ω model predicts identical surface pressure as that of the constant P r T version. The heat flux data shows a trend similar to the surface pressure, with a constant value in the undisturbed boundary-layer and a rise in the heat transfer rate at the separation point which mimic the experimental trend closely. The standard k-ω model, however, overpredicts the heat flux by about 50%. The shock-unsteadiness correction is found to reduce the surface heat transfer rate, but the results are still substantially higher than experiment. On the other hand, the variable P r T model brings down the post-shock heat transfer dramatically and the results are close to the data presented in the experiments. Experimental data of the Mach 8, 36 degree compression corner case shows clear indication of flow separation and the shock-unsteadiness k-ω model reproduces this effect. In the following, the pressure contours plot is used to explain the shock structures; see Fig. 4 . The separation and reattachment points are marked as S and R respectively. Separation shock meets the reattachment shock wave and generates ramp-induced shock wave in the inviscid flow outside the boundary-layer. This shock-shock interaction is not as prominently predicted by standard k-ω model. At the shock-shock interaction, an expansion wave and high entropy shear-layer are emanated. The expansion waves interact with the compressed boundary-layer on the ramp surface and decrease the surface pressure around x = 0.035m which is highlighted in Fig. 5(b) .
The surface heat flux is directly influenced by the variation of P r T in the reattachment region and in the recovering boundary layer. The prediction of peak heat flux value improves significantly at the reattachment region. The variable P r T model also able to match the post-shock heat flux data in the recovery boundarylayer. By comparison, the standard k-ω model with constant turbulent Prandtl number predicts too high a jump in heat flux at the reattachment point, and it overpredicts the data further downstream.
The pressure prediction shows fair comparison with the measurements. The wall pressure computed using the SU k-ω model exhibits a distinct jump due to flow separation, but the separation point is little downstream compared to experiment. The standard k-ω model, on the other hand, predicts a small region pressure plateau and have a small signature of a separation bubble. Once again, the variable P r T modification does not have any effect on surface pressure.
The shock pattern computed in the Mach 11 SBLI case is very similar to that of Mach 8, 36 degree case presented before. The separation and ramp induced shocks are identified in the figure 6, along with the limiting stream line showing the extent of the separation bubble. A stronger interaction in this case results in large re-circulation region, with about 120mm between the separation and reattachment points. The density contours plot using SU k-ω model mimic the flow topology of experimental schlieren image very well. Experimental data of wall pressure shows a distinct rise at separation point followed by a pressure plateau in the separation bubble. The simulation results obtained using the shock-unsteadiness k-ω model mimic this trend to some extent. The surface pressure past the reattachment point is also predicted well by the model. We note that the surface pressure is plotted on semi-logarithmic scale so as to enhance the separation point pressure rise at aboutx=-0.8m. By comparison, the standard k-ω model gives a separation bubble much smaller than the experiments, and a steeper pressure rise on reattachment. Here, the interaction of separation shock with the reattachment shock results in a type VI shock-shock interaction; see Fig. 6 . A local peak in surface pressure is observed around x=0.05m followed by a sharp decrease due to expansion fan generated at the triple point. This coincides with the regions of peak surface heat flux, and is of direct interest to the present study. The reattachment shock wave is oriented parallel to the wall in the peak heat transfer region (around x = 0.05m). The shock-normal direction is thus oriented towards the wall, such that the turbulent energy transfer in this direction has a direct influence on the surface measurement. Note that the shock-normal component of the heat flux vector is found to be dominant in canonical shock-turbulence interaction, and the variable Prandtl number model is based on the same. It is therefore expected to capture the dominant heat transfer mechanism in the interaction region. Figure 7 . Comparison of (a) Wall heat flux and (b) Surface pressure for θ = 36 o and M∞ = 11.3 using standard k-ω, shock-unsteadiness modified k-ω and variable P r T models with the experimental data of Holden.
The wall heat transfer rate computed in the SBLI region shows the effect of lower turbulent Prandtl number in Fig. 7 . Reducing the P r T value results in a higher turbulent conductivity k = µ T C p /P r T . An elevated turbulent conductivity leads to a higher diffusion of heat away from the wall, leading to a lower heat transfer rate on the wall. The predictions are comparable to the experimental measurements in the reattachment region and in the recovering boundary layer. Reducing the eddy viscosity by the shockunsteadiness correction also gives a similar effect of reduced surface heat flux. By comparison, the standard k-ω model with constant P r T overpredicts the peak heat flux by about 30%, and the trends are qualitatively different from that observed in the experiments. The variation of the turbulent Prandtl number based on the shock physics is thus found to significantly improve the heat flux predictions, without any effect on the surface pressure.
B. Oblique shock impinging on a flat plate
The oblique shock impingement case is selected as a second geometry for the validation purpose. Geometric details and the test conditions are presented in section II. The simulation methodology is similar to that presented by Roy, Pathak and Sinha 11 and is not repeated here. The mean dilatation, normalized by incoming boundary layer thikness δ 0 =0.014m and freestream velocity, is used to identify shock structure using the SU k-ω model. The incident, induced, separation and reattachment shocks are identified in Fig. 8 , along with the limiting stream line showing the extent of the separation bubble. A large negetive value of dilatation represents the highly compressed area by the shock waves. A strong interaction in this case results in a large re-circulation region, with about 0.04m between the separation and reattachment points.
Experimental data of wall pressure shows a distinct rise at the separation point, followed by a pressure plateau in the separation bubble. The simulation results obtained using the shock-unsteadiness k-ω model mimic this trend; see Fig. 9(b) . The surface pressure past the reattachment point is also predicted well by the model. By comparison, the standard k-ω model gives a separation bubble much smaller than the experiments, and a steeper pressure rise on reattachment. Overall, the variable P r T model predictions show an excellent comparison with the experimental heat flux measurements in the reattachment region and in the recovering boundary layer. Reducing the eddy viscosity by the shock-unsteadiness correction also gives a reduction in the surface heat flux. By comparison, the standard k-ω model with constant P r T overpredicts the peak heat flux by about 50%, and the trends are qualitatively different from that observed in the experiments.
C. Cone-flare
The cone-flare geometry and the boundary-conditions used in the simulations are very similar to those presented by Pasha and Sinha. 15 The present configuration of consits of a 7 degree half-cone and 40 degree flare with respect to the axis. A small symmetry plane is added infront of the cone tip to avoid a stagnation point. Four test cases with progressively increasing Mach numbers are presented here. Figure 11 . Comparison of (a) Wall heat flux and (b) Surface pressure for M∞ = 8, 7, 6, 5 respectively, using standard k-ω, shock-unsteadiness modified k-ω and variable P r T models with the experimental data of Holden. 24 The flow topology for Mach 8 case is similar to that presented in Ref.
, 15 where an intersection of the separation shock with the reattachment shock results in a type VI shock-shock interaction. Expansion waves and high entropy shear-layer are emanated at the shock-shock interaction point; see Ref. 15 for further details. The computed temperature contours for Mach 7 case, using SU k-ω model is compared with the experimental schlieren image in Fig. 10 . The shock-shock interaction does not appear to be as clear in experimental schlieren image. A thick boundary layer is formed ahead of the separation shock. The boundary-layer undergoes a compression across the separation shock and bifurcates into two parts. A part of it forms the separated region and part of it flows above separation bubble and further gets compressed across reattachment shock. The shock structure for other two cases are very similar to those described above and are not presented here.
The variationof surface properties are shown in Figs. 11 for all the four test cases.The standard k-ω model predicts a delayed initial pressure rise as compared to the experiment and predicts a smaller separation bubble which is distance between the separation point S and reattachment point R. The SU k-ω model on the other hand mimics the experimental measurements closely for ll the test cases. The pressure plateau between the separation and reattachment points is predicted almost accurately, however, it gives a smaller pressure rise at the reattachment location for the stronger Mach 8 interaction case. The wall pressure drops slighly across the expansion waves after the reattachment region; see Fig. 4 and matches with experiment far downstream.
The wall heat transfer rate computed in the interaction region shows the effect of lower turbulent Prandtl number clearly. The predictions are comparable to the experimental measurements in the reattachment region and in the recovering boundary layer. The heat flux trend inside the separated region is matching the experimental data for higher Mach numbers (Mach 8 and 7), however, there is a dip in the heat flux value for lower Mach numbers just ahead of the reattachment point. Reducing the eddy viscosity by the shockunsteadiness correction also gives a similar effect of reduced surface heat flux. By comparison, the standard k-ω model with constant P r T overpredicts the peak heat flux by about 50 % and the trends are qualitatively different from that observed in the experiments. The variation of the turbulent Prandtl number based on the shock physics is thus found to significantly improve the heat flux predictions, without any effect on the surface pressure.
VI. conclusion
In this paper, we use physical insights from canonical shock-turbulence interaction to extend variable turbulent Prandtl number model of Roy, Pathak and Sinha 11 for hypersonic flows by considering the upstream total temperature fluctuations. The new extension is based on shock-turbulence interaction physics and turbulent boundary layer data sets; both direct numerical simulation and experiment. The effect of upstream total temperature fluctuations on wall heat flux is found to be significant in hypersonic flows compared to supersonic regime.
The new variable P r T model is applied, in conjunction with the shock-unsteadiness k-ω turbulence model, to three different geometries at very high-speed. The results are compared with the experimental measurements. It is found that the shock-unsteadiness modification can accurately capture the complex shock topology and the strength of the different shock waves in the flow-field. The low values of the turbulent Prandtl number at the shock waves result in a significant reduction in the surface heat flux prediction. The experimental data is reproduced well, both in terms of the peak heat transfer rate at flow reattachment, as well as the streamwise variation of the surface heat flux in the recovering boundary layer. The computed surface pressure also matches the experimental data better than the standard k-ω model. Thus, the current model gives significant improvement for a wide range of Mach numbers. Multiplying the denominator and numerator of the above equation by T and taking the time average gives
The temperature gradient with respect to the mean velocity can be found from the definition of total temperature for a mean flow by assuming u >> v in boundary-layer
The above relation simplifies the Eq. A-7 as
which gives an expression for the function A uT :
